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APPROXIMATION BY SMOOTH FUNCTIONS WITH NO CRITICAL 
POINTS ON SEPARABLE BANACH SPACES 

D. AZAGRA AND M. JIMENEZ-SEVILLA 



^ Abstract. We characterize the class of separable Banach spaces X such that for every 

' continuous function f : X and for every continuous function e : X — > (0, +00) there 

exists a smooth function p : X — > R for which |/(a::) — g(x)\ < £{x) and g'{x) 7^ for 
, all X £ X (that is, g has no critical points), as those Banach spaces X with separable 

dual X* . We also state sufficient conditions on a separable Banach space so that the 
function g can be taken to be of class C^, for p = 1,2, +00. In particular, we obtain 
, the optimal order of smoothness of the approximating functions with no critical points 

' on the classical spaces ^p(N) and Lp(R"). Some important consequences of the above 

_3 I results are (1) the existence of a non-Unear Hahn-Banach theorem and (2) the smooth 

. approximation of closed sets, on the classes of spaces considered above. 



1. Introduction and main results 

^ ■ The Morse-Sard theorem states that if / : M" — > M™ is a C smooth function, 

. with r > max{?i — m,0}, and Cf is the set of critical points of /, then the set of critical 

I values f{Cf) is of Lebesgue measure zero in R™. This result has proven to be very valuable 

■ in a large number of areas, especially in differential topology and analysis (see for instance 

If^ , |18| I27j and the references therein). Additional geometric and analytical properties of 

' the set of critical values in different versions of the Morse-Sard theorem, together with a 

r"| ■ study on the sharpness of the hypothesis of the Morse-Sard theorem, have been obtained 

in 011 El ,81 ,9| ,201. 

For many important applications of the Morse-Sard theorem, it is enough to know that 
any given continuous function can be uniformly approximated by a smooth map whose set 
of critical values has empty interior |18[ I27j. We refer to this as an approximate Morse- 
Sard theorem. The same type of approximation could prove key to the study of related 
problems in the infinite-dimensional domain. 

In this paper, we will prove the strongest version of an approximate Morse-Sard the- 
orem that one can expect to be true for a general infinite-dimensional separable Banach 
space, namely that every continuous function / : X — > M, where X is an infinite- 
dimensional Banach space X with separable dual X* , can be uniformly approximated 
by a smooth function g : X — > M which does not have any critical point. In some 
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cases where more information about the structure of the Banach space X is known, we 
will extend our result to higher order of differentiability, [p > 1). 

Our result will also allow us to demonstrate two important corollaries. The first one is 
the existence of a non-linear Hahn-Banach theorem which shows that two disjoint closed 
subsets in X can be separated by a 1-codimensional smooth manifold of X (which is 
the set of zeros of a smooth function with no critical points on X). The second one 
states that every closed subset of X can be approximated by smooth open subsets of 
X. 

To put our work in context, let us briefly review some of the work established for the 
infinite-dimensional version of the Morse-Sard theorem. Smale proved that if X and 
Y are separable connected smooth manifolds modelled on Banach spaces and / : X — > Y 
is a Fredholm map then f{Cf) is of first Baire category and, in particular, f{Cf) 
has no interior points provided that r > max{index(d/(x)), 0} for all x X. Here, 
mdex(df (x)) stands for the index of the Fredholm operator df{x), that is, the difference 
between the dimension of the kernel of df{x) and the codimension of the image of df{x), 
which are both finite. These assumptions are very strong as they impose that when X is 
infinite-dimensional then Y is necessarily infinite-dimensional too (in other words, there 
is no Fredholm map / : X — > M). In fact, as Kupka proved in there are C°° 
smooth functions / : £2 — ^ ^ (where £2 is the separable Hilbert space) such that their 
sets of critical values f{Cf) contain intervals and hence have non-empty interiors and 
positive Lebesgue measure. Bates and Moreira HO] showed that this function / can 
even be taken to be a polynomial of degree three. Azagra and Cepedello-Boiso Pj have 
shown that every continuous mapping from the separable Hilbert space into M"* can be 
uniformly approximated by C°° smooth mappings with no critical points. Unfortunately, 
since the core of their proof requires the use of the special properties of the Hilbertian 
norm, this cannot be extended to non-Hilbertian Banach spaces. P. Hajek and M. Johanis 
|17j established the same kind of result in the case when X is a separable Banach space 
which contains cq and admits a C^-smooth bump function. In this case, the approximating 
functions are of class C^, p = 1,2, ...,00. This method is based on the result that the range 
of the derivative of a C'^ smooth function from cq to M is a countable union of compact 
sets jni- However, as the authors noted, their method is not applicable when the space 
X has the Radon-Nikodym property (e.g., when X is reflexive), which leaves out all the 
classical Banach spaces ip and Lp(]R") for 1 < p < 00. 

As stated above, we prove that for any infinite-dimensional Banach space X with a 
separable dual X*, the set of smooth, real- valued functions with no critical points is 
uniformly dense in the space of all continuous, real- valued functions on X. This solves 
completely the problem of the approximation on separable Banach spaces by smooth, real- 
valued functions with no critical points when the order of smoothness of the approximating 
functions is one. Hence, we obtain the following characterization. For a separable Banach 
space X, the following are equivalent: (i) X* is separable, and (ii) the set of smooth, 
real-valued functions on X with no critical points is uniformly dense in the space of all 
continuous, real-valued functions on X. 

This result can be included in our main theorem which also applies to higher order of 
differentiability. Before stating our main theorem, recall that a norm 1 1 • 1 1 in a Banach space 
X is LUR (locally uniformly rotund ^J) if lim„ — x|| = whenever the sequence {xn}n 
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and the point x are included in the unit sphere of the norm || • || and hm„ ||a:„ + x|| = 2. 
A norm || • || in X is smooth if it is smooth in X \ {0}. 

Theorem 1.1. Let X be an infinite dimensional separable Banach space X with a LUR 
and smooth norm \ \ ■ \\, where p S N U {oo}. Then, for every continuous mapping 
f : X — > M and for every continuous function e : X — > (0, oo), there exists a smooth 
mapping g : X — > M such that \f{x) — g{x)\ < e{x) for all x ^ X and g has no critical 
points. 

Our proof involves: i) a special construction of carefully perturbed partitions of unity 
in an open subset of the unit sphere of the Banach space y = X © M by means of a 
sequence of linear functionals in Y* , ii) the study and use of the properties of the range 
of the derivative of the norm in Y , Y* and their finite dimensional subspaces (Lemmas 
12.11 and 12.21 below), and Hi) the use of deleting diffeomorphisms from X onto X \ O, 
where O is a bounded, closed, convex subset of X. 

The following example gives the optimal order of smoothness of the approximation 
functions with no critical points for ^^(N) and Lp(M"). 

Example 1.2. It follows immediately from Theorem \1.1\ that one can approximate every 
continuous, real-valued function on ip{N) and Lp{M.'^) (1 < p < oo) with smooth, real- 
valued functions with no critical points, where p = [p] if p is not an integer, p = p — 1 
if p is an odd integer, and p = oo if p is an even integer. Indeed, the standard norms of 
the classical separable Banach spaces ^p(N) and Lp{W^) are LUR and smooth jTT] . 

Since every Banach space with separable dual admits an equivalent LUR and smooth 
norm we immediately deduce from Theorem 11.11 the announced characterization of 
the property of approximation by smooth functions with no critical points. 

Corollary 1.3. Let X be a separable Banach space. The following are equivalent: 

(1) The dual space X* is separable, 

(2) for every continuous mapping f : X — > M and for every continuous function 
e : X — > (0, oo), there exists a smooth mapping g : X — M such that 
\f{x) — g{x)\ < e{x) and g has no critical points. 

Next, we establish a similar statement for higher order smoothness on separable Banach 
spaces with a smooth bump function (p > 2) and unconditional basis. We combine 
Theorem 11.11 and the results on fine approximation given in to obtain the optimal order 
of smoothness of the approximating functions with no critical points on a large class within 
the Banach spaces with separable dual. In particular the following Corollary applies even 
when the space X lacks a norm which is simultaneously LUR and smooth. 

Corollary 1.4. Let X be a separable Banach space with unconditional basis. Assume 
that X has a smooth Lipschitz bump function, where p € N U {oo}. Then, for every 
continuous mapping f : X — > M and for every continuous function e : X — > (0, oo), 
there exists a smooth mapping g : X — > M such that \f{x) — g{x)\ < e{x) and g has 
no critical points. 
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Proof. Since X is separable and admits a smooth bump function, the dual space X* 
is separable. Thus we obtain, from Corollary II .31 a smooth function h : X — > M 
such that h'{x) ^ and — h{x)\ < for every x X. Let us denote by 

II • II the dual norm on X* . Define the continuous function e : X — > (0,oo), £{x) = 
^nim{e{x), \\h'{x)\\}, for x ^ X. Now, by the main result of [3], there is a smooth 
function g : X — > M such that \h{x) — g{x)\ < e{x) and ||/i'(x) — 5'(a:)|| < e(x), 
for every x X. The latter implies that ||/i'(x)|| — ||(7'(j;)|| < ^||/i'(x)||, and therefore 
< ^||/i'(j;)|| < ||g''(x)|| for every x X. Hence, is a C smooth function with no 
critical points and \f{x)—g{x)\<\f{x) — h{x)\ + \h{x)—g{x)\<e{x) for every a; G X. □ 

The proof of the above corollary yields to the following remark. 

Remark 1.5. Assume that a separable Banach space X satisfies the C^-fine approximation 
property by smooth, real-valued functions, i.e., for every smooth function f : X — > 
M and every continuous function e : X — > (0, oo) there is a smooth function h : X — > 
M such that \f{x) — h{x)\ < e{x) and \f'{x) — h'{x)\ < £{x), for every x G X. Then, the 
conclusion of Corollary \1.4\ holds. 

Furthermore, our results allow us to make the following conclusions. 
Remark 1.6. 

(1) All of the results presented above hold in the case when one replaces X with an 
open subset U of X. Actually, the same proof given in the section to follow (with 
obvious modifications) can be used. 

(2) Whenever X has the property that every continuous, real-valued function on X 
can be approximated by smooth, real-valued functions with no critical points, 
one can deduce the following Corollaries. 

Corollary 1.7 (A nonlinear Hahn-Banach theorem). Let X be any of the Banach spaces 
considered in the above results. Then, for every two disjoint closed subsets Ci, C2 of X, 
there exists a smooth function ip : X — > R with no critical points, such that the level set 
M = (/3~^(0) is a 1-codimensional smooth submanifold of X that separates Ci and C2, 
in the following sense: define Ui = {x € X : ip{x) < 0} and U2 = {x £ X : (/?(x) > 0}, then 
Ui and U2 are disjoint smooth open sets of M with common boundary dUi = dU2 = M , 
and such that Ci C Ui for i = 1,2. 

Recall that an open subset U oi X \s said to be smooth provided its boundary dU 
is a smooth one-codimensional submanifold of X. 

Corollary 1.8 (Smooth approximation of closed sets). Every closed subset of any of the 
Banach spaces X considered above can be approximated by smooth open subsets of X 
in the following sense: for every closed set C C X and every open set W containing C 
there is a C^ smooth open set U so that C (Z U Q W . 

Corollary 1.9 (Failure of Rolle's Theorem). For every open subset U of any of the above 
Banach spaces X there is a continuous function f on X whose support is the closure of 
U, and such that f is C^ smooth on U and yet f has no critical point in U . 
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(a) (b) (c) 

Figure 1. (a): Case n = 2. (b) and (c): Case n = 3. 

2. Proof of Theorem II .11 

Recall that a norm iV(-), in a Banach space E, is (1) strictly convex if the unit sphere of 
the norm A^(-) does not include any segment line. Equivalently, A^(^^^) < 1 for every x, y 
in the unit sphere with x ^ y; (2) WUR (weakly uniformly rotund) if lim„(x„ — y„) = 
in the weak topology whenever the sequences and {yn}n are included in the unit 

sphere and lim„ N{xn + Un) =2. 

We denote by M* the set of non zero real numbers. We also let [ui,...,Un] stand for 
the linear span of the vectors ui,...,Un- Let us denote by and <S'[[.||* the unit sphere of 
a Banach space (Z, || • ||) and its dual {Z* , \ \ ■ ||*), respectively. 

The following two geometrical lemmas will be essential to the proof of Theorem 11.11 

Lemma 2.1. Let Z = [ui,...,Un] be a n-dimensional space (n > 1) with a differentiable 
norm 1 1 • 1 1 ( Gateaux or Frechet differentiable, since both notions coincide for convex func- 
tions defined on finite dimensional spaces). Let us consider real numbers < < 1, for 
i = I, ...,n — 1 and define TZ as the subset of numbers a S M* satisfying that 

(2.1) {r G 5||.||. : T{ui)=ai, i = l,...,n - 1, r(n„) = a) = 0. 

Then, the cardinal of M.* \ TZ is at most two. 

Proof. First, assume that the set 

F = {T £ ^ii.!!. : T{ui) = ai, ...,r(n„_.i) = a„_i} 

is non-empty (otherwise we have finished). 

As the above pictures for the cases n = 2 and n = 3 suggest, there are at most two 
different tangent affine hyperplanes to the unit sphere ^n.!! containing the affine subspace 
passing through the points , that is there are at most two different linear map- 

pings Ti, T2 in F. Indeed, assume first that the cardinal of F is one and let us denote 
by Ti the element of F. Then any real number a ^ {0, Ti(n„)} satisfies condition ()2.1|1 
and 7^ = M* \ {Ti(n„)}. Now, if there are two elements on F, Ti 7^ T2, we claim that 
any other different element of F, say T3, can be written as T3 = 7T1 + (1 — j)T2 for some 
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7GM\{0,1}. Indeed, since T3 — T2 7^ and Ti — T2 ^ belong to the one dimensional 
subspace nj'-n...nit;^_]^n [ui, u„]*, we have that there is 7 G M with T3 — T2 = 7(Ti — T2). 
Since T3 7^ T2, the constant 7 7^ 0. In addition, since T3 7^ Ti, we have that 7 7^ 1, which 
proves our claim. 

Furthermore, this implies that the three different points Ti, T2 and r3 of the dual 
unit sphere lie in a common line, and, because || • ||* is convex, the segment line which 
passes through Ti, T2 and T3, and whose end points are two of these three points, is 
included in S^^.^^*. But this is in contradiction to the fact that the dual norm \\ ■ ||* 
is strictly convex (because the norm || • || is differentiable and Z is finite dimensional, 
see Finally, any real number a {0, Ti{un), 22(ti„)} satisfies condition (|2.1() and 

n = W\{Ti{Un),T2iUn)}. □ 

From the proof of Lemma l2. II we obtain the following. 

Lemma 2.2. Let Z = [ni,...ii„] be a n-dimensional space (n G with a differentiable 
norm \ \ ■ \ \. Consider real numbers < < 1, for i = l,...,n — 1. Then, the cardinal of 
the set 

(2.2) {rG5||.||.: T{ui) = a,, i = l,...,n-l]. 

is at most two. 



The general strategy of the proof of Theorem II. II is as follows. We consider the space 
y = X © M and define the following norm on Y: 

• If p > 1, for every y = {x,r) € Y, put N{y) = N{x,r) = (||x|p + r^)^/^, 
where || - || is a LUR and smooth norm on X. Then, clearly the norm 

is LUR and smooth on Y. Moreover, N is smooth on the open set 
y\{(0,A): AgM}. Define = (0, 1) and take l3eY*\{0} such that X = ker/3. 
Select (3i £ Y* \ [/?] such that /?i(z^) 7^ and to G ker/3 \ker/?i. Consider the 
closed hyperplane of Y, Xi = ker/3i. Then, the restriction of the norm N to Xi 
is a smooth and LUR norm on Xi. Now, the (equivalent) norm considered in 
Y = Xi(B[io], defined as \z + Xlo\ = {N{zf + A^/a^ where z £ Xi and A G M, 
is LUR and smooth on Y and smooth on y \ [uj\. In particular, the norm 
I • I is smooth on the open set U = Y \ ker (3 = {(x, r) : x G X, r 7^ 0}. 
It could also be proved that the Banach space Y admits an equivalent LUR and 
smooth norm on Y with bounded derivatives up to the order p. Nevertheless, 
a LUR and smooth norm on Y and smooth on lA, is sufficient to prove 
our result. Recall that if X has a LUR and smooth norm and p > 1, then X 
is super reflexive jllj . 

• If p = 1, since the dual space Y* is separable, there is a norm | ■ | on y which is 
LUR, smooth and WUR whose dual is strictly convex Recall that if the 
norm | • | is WUR, then the dual norm | • |* is uniformly Gateux smooth, and thus, 
Gateaux smooth. 

Therefore, if X is reflexive, the dual norm | • |* is LUR and smooth [ll]- If X is not 
reflexive, the dual norm | • |* is strictly convex and Gateaux smooth. 
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Let US denote S := 5|.|, the unit sphere of (y, | • |) and S* := the unit sphere of 
{Y*, I • I*). Let us consider, the duahty mapping of the norm | • | defined as 

D:S — > S* 
D{x) = I • \'{x), 

which is I • I — I • I* continuous because the norm | • | is of class . 

We estabhsh a diffeomorphism $ between X and half unit sphere in y, S*"*" := {y = 
(x,r) € y : r > 0}, as follows: <5 : X — > is the composition <I> = H o where 
i is the inclusion i : X — > Y, i[x) = {x, 1) and H is defined by H : y \ {0} — > S, 

n(.) = ^. 

In order to simplify the notation, we will make the proof for the case of a constant 
£ > 0. By taking some standard technical precautions the same proof will work in the 
case of a positive continuous function e : X ^ (0, +oo) (at the end of the proof we will 
explain what small changes should be made). 

Now, given a continuous function / : X — > M, we consider the composition F : = 
/ o : — > M, which is continuous as well. For any given e > we will 3e- 
approximate F by a smooth function H : 5"+ — > M with the properties that: 

• the set of critical points of H is the countable union of a family of disjoint sets 

{Kn} n 1 

• there are countable families of open slices {0„}„ and {Bn}n in , such that 
UnBn is relatively closed in 5"^, dist{Bn, X x {0}) > 0, C On C Bn , 
dist(0„, 5+ \ Bn) > and dist(i?„, Umj^nBm) > 0, for every n G N, 

• the oscillation of F in every Bn is less than e. 

(We will consider slices of of the form {x G 5 : /(x) > r} , where / is a continuous 
linear functional of norm one and < r < 1. Recall also that the distance between two 
sets A and A' in a Banach space (M, | • |jv./) is defined as the real number dist(^, := 
inf{|a - o'Im : a € A, a' € A'}.) 

Then we will prove that the function h := H o ^ is a smooth function on X, which 
3e- approximates /, and the set of critical points of /i, C = {x S X : h'{x) = 0}, can be 
written as C = IJ^i where, for every n G N, the set /C„ := <^~^{Kn) is contained in 
the open, convex, hounded and smooth body On '■= $~^(On), which in turn is contained 
in the open, convex, bounded and smooth body Bn ■= ^~^{Bn), in such a way that 
dist(On)-^ \ Bn) > 0, the oscillation of / in Bn is less than e, UnBn is closed and 
dist{Bn,Um^nBm) > 0. Oncc we have done this, we will compose the function h with 
a sequence of deleting diffeomorfisms which will eliminate the critical points of h. More 
precisely, for each set On we will find a C'^ diffeomorphism ^n from X onto X \ On so that 
^n is the identity off Bn- Then, by defining g := ho O^^i^ni we will get a smooth 
function which 4e- approximates / and which has no critical points. 

The most difficult part in this scheme is the construction of the function H. We 
will inductively define linearly independent functionals G Y* , open subsets Uk of 
S"^, points Xk G Uk, real numbers 7^ satisfying \ak — -F(xfc)| < e, real numbers 
7fc and 7jj' in the interval (0,1) (with i + j = k), functions h^ of the form h^ = 
^k{9k) 4>k~i,i{9k~i) ■■■<Pi,k~i{9i), where the ipk, (pk-i,!, 4>i,k-i are suitably chosen 
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C°° functions on the real hne, and functions of the form = Skgk + (1 — Skgk{xk)) 
(with very smah Sk 7^ 0), and put 

- k , 

Z2i=i hi 

where Hk : C/i U ... U C/^ — > M. The interior of the support of wiU be the set 

Uk = {x e : gi{x) < 7i,fc-i, gk~i{x) < 7fc-i,i and gk{x) > 7^}, 

where the oscihation of the function F will be less than e. Denote by Tx the (vectorial) 
tangent hyperplane to at the point x, that is ■= ker L'(x). The derivative of at 
every point x G C/i U ... U C/fc will be shown to be the restriction to Tx of a nontrivial linear 
combination of the linear functionals gi, ...,gi^. Then, by making use of Lemmas 12. II and 
12.21 and choosing the jij close enough to 7^, we will prove that the set of critical points 
of Hk is a finite union of pairwise disjoint sets which are contained in a finite union of 
pairwise disjoint slices, with positive distance between any two slices (see Figure 121 below). 
These slices will be determined by functionals in finite sets Nf^ C Y* defined by a repeated 
application of Lemmas 12.11 and 12. 21 The function H will be then defined as 

Efeli hk 

Let us begin with the formal construction of the functions Hj^. We will use the notation 
Hk and H'j^ when Hk and its derivative Hj^ are thought to be defined on an open subset of 
Y and reserve the symbols and H|^(j;) for the restriction of Hk and H'i^{x) to a subset 
of S and to the tangent space of S at x, respectively. 

Since the norm | • | is LUR we can find, for every x € 5""*", open slices Rx = {y S : 
fx{y) > Sx} C S+ and Px = {y e S : fx{y) > S^} C S+, where < <5^ < 1 and 
\fx\ = 1 = fxix), SO that the oscillation of F in every is less than e. We also assume, 
for technical reasons, and with no loss of generality, that dist(Pj; ^ x {0} ) > 0. 

Since Y is separable we can select a countable subfamily of {Rx}x£S+ j which covers . 
Let us denote this countable subfamily by {Sn}n, where Sn ■= {y & S : fn{y) > ^n}- 
Recall that the oscillation of F in every Pn := {y G S : fn{y) > Sf^} is less than e and 
dist(P„, X X {0}) > 0. 

o For k = 1, define 

hi: S+ — > M 
hi = V3i(/i), 
where fi is a C°° function on M satisfying 

ipi{t) = if t<6i 
(^1(1) = 1 

ip[{t) > if t>6i. 

Notice that the interior of the support of hi is the open set Si. Denote by xi the point of 
5+ satisfying /i(xi) = 1. Now select ai G M* = M \ {0} with \ai - F{xi)\ < e and define 
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the auxihary function 

n:S+ — > M, 

n = sifi + (1 - si/i(xi)), 

where we have selected si so that aisi > and small enough so that the oscillation 
of ri on Si is less than -r^. Notice that ri(xi) = 1. Define 

Hi : 5i — >R 

amhi 
Hi = — = am. 

hi 

The function Hi is smooth in Si and the set of critical points of Hi, 

Zi = {x eSi: H[{x) = on T,} 

consists of the unique point xi. Indeed, H'-|^(x) = H[{x)\t^ = cliSi/iIt^ = iff D{x) = fi. 
This implies that Zi = {xi}. Now select real numbers 'j'n, ti and h such that 6i < 
j'li < ti < li < 1 and define the open slices 

O/i = {x £ S : fi{x) > h} and Bf^ = {x e S : fi{x) > ti}. 

Clearly the above sets satisfy that Zi C Oj^ ^ Bf^ C Si, dist(Oj^, S\Bf^) > and 
dist(%, {xGS: <7i^i}) >0. 

In order to simplify the notation in the rest of the proof, let us denote by 71 = 
Ui = Ri = Si, gi = /i, zi = xi and Ti = A^i = {51}. Let us define ai^i = oisi and 
write a'^ = cri,igi on Ui where gi is the restriction of gi to whenever we evaluate 
H'-i^(x). In addition, if ^4 C S", we denote hy A'^ = S \ A. 

o For k = 2. Let us denote by 1/2 S S^ the point satisfying /2(y2) = 1- If either 
{gi, 0(1/2) = /2} are lineally dependent (this only occurs when gi = or 51(^2) = 7i, 
we use the density of the norm attaining functionals (Bishop-Phelps Theorem) and the 
continuity of D to modify 7/2 and find Z2 G S~^ so that {gi, D{z2) ■= 52} are l.i., 51(22) 7^ 7i 
and 

{xgS : f2{x) > C {x € 5 : g2{x) > 1^2} C {x e S : f2{x) > Sl}, 

for some V2 S (0, 1). If gi{y2) / 7i and {^'i, /2} are l.i., define 52 = /2 and ^2 = ^2- Then, 
apply Lemma I2. II to the 2-dimensional space [51, (72] with the norm | • |* (the restriction to 
[51,52] of the dual norm | • |* considered in Y*) and the real number 71 G (0, 1) to obtain 
72 G (0, 1) close enough to V2 so that 

S2 = {x^S: f2{x) > 52} C {x G 5 : g2{x) > 72} C {x G 5 : f2{x) > <5^} = P2 

and 

(2.3) {T G [51,52]* : |T| = 1, r(5i) = 71 and r(52) = 72} = 

Recall that the norm [ • |* is Gateaux differentiable on Y* and therefore the restriction of 
this norm to [51,52], which we shall denote by | • |* as well, is a differentiable norm on the 
space [51,52] (Gateaux and Frechet notions of differentiability are equivalent in the case of 
convex functions defined on finite- dimensional spaces). Therefore, we can apply Lemma 
l2.1l to the norm | • |* in the space [51,52]- In fact, the same argument works for any finite 
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dimensional subspace of Y* and we will apply Lemma l2.1l in the next steps to larger finite 
dimensional subspaces of Y* . Define the sets 

R2 = {x e S : g2{x) > 72}, and 

1/2 = {x £ S : gi{x) < , g2{x) > 72}. 

Assume that f/i H i?2 7^ and consider the set 

M2 = D-\[gi,g2])nU^nUi. 

In the case that M2 = 0, we select as 71^1 any point in (71, 7J i). In the case that M2 7^ 
and 71 < inf{(7i(x) : x € M2}, we select 71^1 so that 

71 < 71,1 < infill (2;) : x G M2}. 

In the case that 71 = mi{gi{x) : x G M2} and in order to obtain an appropriate 71^1 we 
need to study the limits of the sequences C M2 such that linin gi{xn) = 7i- Define 

Fi = {TG [gi,g2]* : |T| = 1 and T{gi) = 71}. 

From Lemma 12.21 we deduce that the cardinal of the set F2 is at most two. Furthermore, 
since | • |* is strictly convex, the cardinal of the set 

N^ = {geS*n bi, 92] : T{g) = 1 for some T € F^} 

is at most two. 

Let us take any sequence {xn} C M2 with lim„g'i(xn) = 71- Consider every Xn as 
an element of X** and denote by Xn its restriction to [5i,(72]- Recall that if Xn € M2, 
then D{xn) S 5"* n [51,(72], for every n G N. Moreover, the sequence of restrictions 
{xn} C [51,(72]* satisfies that 

1 = ja^nj > jxnl = max{xn(/i) : /i G 5* (7 [51,92]} > Xn(L»(2;„)) = L>(x„)(x.„) = 1, 

for every n G N. Thus, there is a subsequence {xn^ } converging to an element T G [51, 52]* 
with |T| = 1. Since \\m.j gi{xnj) = lim^Xn. (51) = 71, then T{gi) = 71 and this implies 
that T G Furthermore, if 5 G A'^^ and T{g) = 1, then limjXnj(5) = 1. In addition, 
T{g2) = hmjXnj(52) = hmj52(2;nj) > 72- Then, from condition ^2.'A\f . we deduce that 
^(52) > 72- Let us define 

F2 = {T G F2 : there is a sequence C M2 with limxn = T and limxn(5i) =71}, 

n n 

N2 = {g eN^: T{g) = 1 for some T G F2}. 

Select a real number 72 satisfying 72 < 72 < ™iii{^(52) : T G F2} (recall that F2 is 
finite). Let us prove the following Fact. 

Fact 2.3. 

(1) There are numbers < t2 < ^2 < 1 such that for every g G N2, the slices 
Og := {x ^ S : g{x) > I2} and Bg := {x G S : g{x) > ^2} 
satisfy that 

(2.4) Og C Bg C {x e S : gi{x) < -f^^ , 52(2;) > 72} and 

(2.5) dist{Bg, Bgt) > 0, whenever g, g' £ N2 , g g' ■ 
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(2) There is 71^1 € (71,71 1), such that if x £ M2 and gi{x) < 71^1, then x £ Og, for 
some g £ N2. 

Proof of Fact \2.'A (1) First, if X is reflexive, we know that for every g G there is 
Xg £ S such that D[xg) = g. Since x^ig) = 1 and | • |* is Gateaux smooth, then 
Xg € F2. This imphes that x^igi) = 7i < 7i 1 and Xg((72) > 72- Hence, Xg £ {x £ S : 
gi{x) < 7^1, g2ix) > 72}- Now, since the norm | ■ | is LUR and D{xg) = g, the functional 
g strongly exposes 5 at the point Xg. Taking into account that N2 is finite we can hence 
obtain real numbers < t2 < ^2 < 1 and slices Og and Bg satisfying conditions (|2.4jl and 
(|2.5|) . for every g G N2. 

Now consider a non reflexive Banach space X. Let us first prove ()2.4() . Assume, on 
the contrary, that there is a point g £ N2 and there is a sequence {yn} C S satisfying 
g{yn) > 1 - ^ with either 51 (y„) > 7^ ^ or 5(2 (yn) < 72 for every n G N. Since 
g £ N2 there is a sequence C M2 with lim„(j(i(x„) = 71, lim„(72(2;n) > 72 and 

liuin g{xn) = 1. In particular, 



< 1, 



and thus lim„ | | = 1. Recall that, in this case the norm | • | is WUR, and hence 

Xn — Vn (weaky converges to zero). This last assertion gives a contradiction since 
either limsup„ 5i(xn - yn) < 7i-7i,i < or liminfn fif2(a^n - yn) > limn y2(2;n) - 72 > 0- 
Therefore we can find real numbers < t2 < ^2 < 1 and slices Og and Bg for every 
g £ N2, satisfying condition H2.4|) . In order to obtain H2.5() we just need to modify t2 
and I2 and select them close enough to 1. Indeed, assume on the contrary, that there 
are sequences {yn} C S and {zn} C S and g,g' £ N2, g / g', such that limny(yn) = 1, 
lim„y'(2;n) = 1 and lim„ |y„ - Zn| =0. Then, 

g{yn) + g'{zn) ^ {g + g'){yn) + g'jzn - yn) ^ (y + gO(yn) + kn -yn| 
2 - 2 - 2 

^ |g + gT ^ \Zn - yn| ^ ^j^l^n- yn\ 



2 2-2 

Since the limit of the first and last terms in the above chain of inequalities is 1, we deduce 
that \g + g'\* = 2. Since the norm | • |* is strictly convex, we deduce that g = g', a 
contradiction. 

(2) Assume, on the contrary, that for every n G N, there is Xn G M2 with gi{xn) < 7i + ^ 
and {xn : n G N} n (U^gATjOg) = 0. Since limnyi(xn) = 71 and {xn} C M2, from 
the comments preceding Fact 12.31 we know that there is a subsequence {xn } and g G A^2 
satisfying that limjy(xn ) = 1, which is a contradiction. This finishes the proof of Fact 

o □ 

If J7i n ii2 = 0, we can select as 71^1 any number in (71,71 1). Now, we define, 

/i2 : S+ — >R 

h2 = ^2{g2) 4>i,i{g\) 
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where (/52 and (pi^i are functions on M satisfying: 

ip2{t) =0 if t < 72 

<^2(1) = 1 

(P2{t) > if t > 72, 

and 

0i,i(O = l if t<ll^ 

(/>i,i(t) = if t >7i,i 

0;,i(t)<O if t€(Ii±^,7i,i)- 

Notice that the interior of the support of /i2 is the open set 

U2 = {x e S : gi{x) < 71,1 , g2{x) > 72}. 

Select one point X2 G U2, a real number 02 € M* with \a2 — F{x2)\ < £ and define the 
auxiliary function 

r2 : 5+ ^ M, 

?'2 = 525^2 + (1 - 8252(2:2)), 

where we have selected S2 so that S2O2 > and |s2| is small enough so that the oscillation 
of r2 on U2 is less than j^. Notice that r2(x2) = 1. 
Let us study the critical points Z2 of the function 

H2 : ?7i U [/2 ^ M, 
^ _ amhi + a2r2h2 
/ii + /l2 

Let us prove that Z2 = {x G Ui U U2 ■ H'2{x) = on Tx} can be included in a finite 
number of pairwise disjoint slices within Ui U U2 by splitting it conveniently into up to 
four sets. 

First, if X G C/i \ C/2, we have that H2{x) = airi(x) and H2(x) = H2{x)\t^ = 
0'iSigi\T^ = iff D{x) = gi. Thus, Z2 PI (Ui \ U2) ^ {zi}. Second, if 2; e C/2 \ Ui, we 
have H2{x) = a2r2{x) and H2(x) = H2{x)\t^ = 025252^^ = iff D{x) = g2. Then, if 
Z2 £ U2\Ui, H2 has one critical point in U2\Ui, namely Z2; in this case, since gi{z2) / 71, 
the point Z2 actually belongs to C/2 \ t^i- 

Now, let us study the critical points of H2 in Ui fl C/2. In order to simplify the notation, 
let us put Ai = and denote by gi and g2 the restrictions gilr^ and 5^2 It^;, 

respectively, whenever we consider H2(x) and A'^(x). Then, H2 = ai^iAi + a2r2(l — Ai) 
and 



H2 = aiSiAigi + a2S2(l - Ai)g2 + (airi - a2r2)A'i 
= o-ijAigi + 0252(1 - Ai)g2 + {Hi - a2r2)A'i 
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By computing A'^, we obtain A'^^ = ^i,igi + Ci,2g2i where the coefficients .^i^i ^1^2 are 
continuous functions on U1UU2 and have the following form, 

_ f'i{9i)h2 - hnp2{g2Wi^i{gi) 
{hi + h2Y 
c ^ -/tiv?2(g2)'?^i,i(gi) 

Thus H2 = o"2,igi + 0"2,2g2> where 02,1 and 02^2 are continuous functions on \J\ U \J2 and 
have the following form 

(2.6) (72,1 = fTi,iAi + (Fi - a2r2)i\,\ 

(72,2 = 0252(1 - Ai) + (i^i - a2r2)Cl,2- 

Notice that if x € C/i n C/2 , then fji^i > 0, 0252 > 0, Ai > 0, 1 - Ai > 0, ^1,1 > 
and ^1,2 < 0. Therefore, on C/i n C/2 , the coefficient 02,1 is strictly positive whenever 
li\ — a2T2 > 0, and the coefficient 172,2 is strictly positive whenever li\ — a2T2 < 0. Since 
the vectors g\ and 52 are l.i., if x G C/i fl C/2 and H2(x) : — > M is identically zero, 
there is necessarily ^ / with D{x) = Q{(y2,i{x)gi + C2,2(2;)52)- Thus, D{x) € [51,52]- 

The set Z2 can be split into the disjoint sets Z2 = Zi\J ^2,1 U ^^2,2, where 

\{Z2}, if Z2 £U2\Ul 

I 0, otherwise 

and ^2,2 is a subset (possibly empty) within C/i n C/2 n {[gi , g2]) ■ Now, let us check 
that ^2,2 C UggATjOg- Indeed, if x G ^2,2 , then x € C/i fl [/2 C C/i n C/2 1 -^(^) ^ [51552] 
and 5i(x) < 71,1. This implies, according to Fact 12.31 that x G UggATjOg. 

In the case when ^2,1 = {^2} and Z2 ^ UggATjOg , we select, if necessary, a larger t2 
with t2 < h , so that Z2 ^ UggATj-Bg. Since the norm | • | is LUR and D{z2) = 52 , the 
functional 52 strongly exposes S at the point Z2 and we may select numbers < t2 < ^2 < f 
and open slices, which are neighborhoods of Z2 , defined by 

0^2 := {x € 5 : 52(x) > ^2} and Bg^ := {x e S : 52(x) > 4}, 

satisfying C Bg^ C {x G 5 : 51 (x) < 7^, 52(x) > 72} and d\si{Bg2,Bg) > for 
every g ^ N2. In this case, we define r2 = N2 U {52}. 

Now, if ^2,1 = {Z2} £ UggATjOg, we select, if necessary, a smaller constant /21 with 
< i2 < ^2 < 1, so that ^2,1 = {Z2} G Ugi^N.^Og . In this case, and also when ^2,1 = 0, we 
define r2 = A'^2. 

Notice that, in any of the cases mentioned above, Fact 12.31 clear Iv holds for the (possi- 
bly) newly selected real numbers t2 and l2- 

Notice that the distance between any two sets Bg, Bg', g,g' G Fi U F2, 5 7^ 5', 
is positive. Moreover, Zi C Og^ C Bg^ C Ui = Ri, and ^2,1 U ^2,2 C Ug^r20g C 
Uggra-Bg CU^ C R2. Therefore, Z2 = U ^2,1 U ^2,2 C UggnuPaOg C UggnuFa-Bg C 
C/i U C/2 = ^1 U i?2. In addition, we have dist(Uggriur2-Bg, (C/i U U2Y) > 0. 

It is worth remarking that H2 = cr2,igi + f'"2,2g2 in C/i U C/2, where (T2,i and (T2,2 are 
continuous functions and at least one of the coefficients c'"2,i(x), £12,2 (a^) is strictly positive. 
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for every x & UiU 1/2- Moreover, £72,1(2;) = whenever x ^ Ui, and a2,2ix) = whenever 

X^U2. 

In order to clarify the construction in the general case, let us also explain in detail the 
construction of the function /13 and locate the critical points of the function H3. 

o For j = 3, let us denote by 7/3 G 5 the point satisfying f-i{yz) = 1- If {di-, 92-, fz} are 
lineally dependent, or if gid/s) =71, or if 52(2/3) = 72 , we can use the density of the 
norm attaining functionals (Bishop-Phelps Theorem) and the continuity of D to modify 
ys and find Z3 e S so that: 51(2:3) / 71, 52(^3) / 72, {91,92,93 ■= D^zs)} are linearly 
independent (l.i.), and 

{xeS : h{x) >6'l}c{x£S : gsix) > u^} C {x e S : h{x) > 5|} 

for some us € (0,1). If {gi,92,f3} are Li., 51(2/3) / 7i, and 52(2/3) / 72, we define 
53 = fs and Z3 = y^. Then, we apply Lemma ITT] to the l.i. vectors, {51,52,53} and the 
real numbers 71 S (0, 1), 72 € (0, 1) and obtain 73 G (0, 1) close enough to 1^3 so that 

S3 = {xeS: h{x) >53}c{xGS: gs{x) > 73} C {x € 5 : Mx) > d|} = P3, 

(2.7) {T G [51,52,53]* : T(5i) = 71 , r(52) = 72 , ^(53) = 73 and |r| = 1} = 0, 

(2.8) {T e [51,53]* : T{gi) = 71 , T(53) = 73 and |T[ = 1} = 0, 

(2.9) {T € [52, 53]* : r(52) = 72 , ^(53) = 73 and |r| = 1} = 0. 
Select 72 1 G (72,72) and define 

R3 ={x £ S : 53 (x) > 73} and 
1/3 = {s £ S : 51 (x) < 7i 2 , 52(2;) < 72,1 and 53(x) > 73}, 

where 7^ 2 is a number in (71, ^^"^^^^'^ ). 

Notice that dist{Bg, U^) > for every 5 € Ti U r2 . Assume that R3 D {Ui U U2) + 0, 
and consider the sets 

M3,i = {x € (?7i n C/^) \ C/2 : D[x) G [51,53]}, 
M3,2 = {x G ([/2 n U'3) \ Ui : D{x) G [52,53]}, 
M3,i,2 = {x G i/i n C/2 n C/;^ : D{x) G [51,52,53]}, 

and M3 = M3,i U M3,2 U M3,i,2 . 

In the case that M3 = 0, we select as 72,1 any point in (72,72 1) and 71,2 any point in 

(71, 7^,2)- 

In the case that M3 / and dist(M3, [Ui U U2Y) > we can easily find 72,1 G (72, 72 1) 
and 71,2 G (71,71,2) with M3 C {x G 5 : 51 (x) > 71,2} U {x G 5 : 52(x) > 72,1}. 

In the case that dist(M3, {Ui U U2Y) = and in order to obtain suitable con- 
stants 72,1 and 7i,2 , we need to study the limits of the sequences {x„} C M3 such that 
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lim„ dist(x„, {Ui U = 0. Define the sets 

^3,* = {T^ h,93]* ■■ TiQi) = -fi and |r| = 1} for i=l,2, 
H,i,2 = {T € [91,92,93]* : T{gi) = 71, T{g2) = 72 and |T| = 1}, 

and 

iV^ = {geS*n b„ 53] : Tig) = 1 for some T € F^^,} for i = 1,2, 

^3,1,2 = {5 e 5* n [gi,g2,93] : T(<7) = 1 for some T G F^^^^a}. 

Since the norm | • |* is Gateaux smooth, we apply Lemma 12.21 to the finite dimensional 
space [fl'1,5'2,53] and the restriction of the norm | • |* to [gi,g2,93] (which is a differentiable 
norm on the space [51, 925 53])) and deduce that the cardinal of any of the sets F^-, -F3 ^ 2 
is at most two. Furthermore, from the strict convexity of the norm | • |* we obtain that the 
cardinal of any of the sets ^ and ^2 , is at most two. Let us consider, for i = 1,2, 
the norm-one extensions to [91,92,93] of the functionals of F^^ , that is, 

F3,^ = e [91,92,93]* ■■ T[[g^,gs] e i^3,^ and |T| = 1}. 
Since the norm | • |* is Gateaux smooth, for every G (z F^- there is exactly one norm-one 
extension T to [91,92,93]- Therefore the cardinal of the set F^'^ is at most two. Hence the 
sets F^ := F^[^ U F^'^ U Fi^^^ ^ and N^^ := N^ ^ U N^ 2 U ^3,1,2 are finite. In addition, as a 
consequence of the equalities 1)2. 7() . 1)2. 8(1 and 1)2. 9() . we deduce that T{g3) ^ 73 for every 
r G F3. Lideed, if T € -F3 1 2 the assertion follows immediately from 1)2. 7|) . If T G F^'^ 
for some i G {1,2}, then T[[g.^g^-^ G Fg^, that is, l^lf^. ^g]! = 1 and T{gi) = 7,. Prom 
(|2.8|) for i = I, and 1)2. 9|) for i = 2, we obtain that T^g^) ^ 73. We can restrict our study 
to one of the following kind of sequences: 

(1) Fix i G {1,2}. Consider any sequence {xn} C M^^i such that lim„dist(x„, {Ui U 
U2y) = 0. Then, it easily follows that liuin gi{xn) = Ji- Indeed, 

• if {xn} C M^^i, then in particular {xn} C Ui = Ri. Therefore, dist(x„, {UiU 
U2Y) > dist(xn, i?^). Thus, lim„ dist(x„, = and this implies that 
lim„5i(a;n) = 71; 

• if {xn} C M3^2, then in particular {x„} C U2 C i?2- Recall that U1UU2 = -RiU 
i?2- Therefore, dist(x„, (C/i U > dist(x„, i?2)- Thus, lim„ dist(xn, -R2) — 
and this implies that liuin g2ixn) = 72- 

Now, let us take any sequence {x„} C M^^i such that lim„(7j(x„) = 7^. Consider 
every x„ as an element of X** and denote by Xn its restriction to [51, 52, 53]- Recall 
that D[xn) G S"* n [54,53] for every n G N. Then, the sequence of restrictions 
{xn} C [9i,g2,93]* satisfies that 

1 = [xn[ > |xnj > |xnj[g^ 33]! = max{xn(/i) : h e S* H [gi,g3]} 

> Xn{D{Xn)) = D{Xn){Xn) = 1, 

for every n G N. Thus, there is a subsequence {xnj} converging to an element 
T G [5'i,5'2,53]* with |r| = |T|[g^g3]| = 1. Since lim^- 5^ (x„^, ) = Y\m.j^^.{gi) = 7, , 
we have that T{gi) = 7^ and this implies that T[[g.^g.^j G F^^ and T G F^\. 
Furthermore, if 5 G N^- and T{g) = 1, then limjXnj(5) = 1. In addition, T{g3) = 
limjXnj(53) = limj 53 (x„^. ) > 73 because {x„^. } C U^. Then, from condition (|2.9j) 
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if i = 1 and condition (|2.8j) if i = 2, we deduce that T{g3) > 73. Finally, let us 
check that T{gs) = limj x^^igs) < 7s , where s S {1, 2} and s ^ i: 

• if i = 1, the sequence {xuj} C M^^i and thus } C {Ui fl f/g) \ U2- In 
particular {xn^} C C/3 and gi{xn-) < 7i 2 < 7i,i ^^^^ every j G N. Therefore, 
if Xrij for all j, we must have Xn.((72) = g2{xnj) < 72 for every j G N. 

• if i = 2, the sequence {xn^} C M3^2 and thus } C {U2 H f/3) \ f/i. In 
particular Xn^ ^ Ui = Ri , for every j G N and this implies {gi ) = 
ffiCa^n, ) < 71 for every j G N. 



(2) Consider a sequence C M3^i^25 such that limndist(xn, {Ui U C/2)'^) = 0. Then, 
it easily follows that liuin gi{xn) = for z = 1,2. Indeed, ?7i U C/2 = ^1 U i?2 
and then dist(x„, {Ri U ^22)"^) > dist(x„, i??) for every n G N and i = 1, 2. Hence 
lim^i dist(x„, i2f ) = 0. Since C Ri, for i = 1,2, we obtain that lim„ = 
7i, for z = 1,2. 

Now, let us take any sequence {x„} C M3^i^2 such that lim„ (7j(x„) = 7^, for every 
i = 1, 2. Consider every Xn as an element of X** and denote by Xn its restriction 
to [(71, 92, 93]- Then, the sequence of restrictions {xn} C [51,52,53]* satisfies that 

1 = \xn\ > |xn| = max{xn(/i) : h G S*!^ [51, 52, 53]} > Xn(D(x„)) = £>(x„)(x„) = 1, 

for every n G N. Thus, there is a subsequence {xnj} converging to an element 
e [51,52,53]* with |T| = 1. Since linij 5i(x„^) = lim^ Xnj(5i) = 7i for ^ = 1,2, 
then T{gi) = 7j for i= 1,2, and this implies that T G -^3 1 2- Furthermore, if 
9 € A'^^,1,2 and T{g) = 1, then lim^ Xnj(5) = 1. In addition, T(53) = lim^- Xnj(53) = 
limj53(x„^) > 73 because {x„^. } C U^. Then, from condition (|2.7j) . we deduce that 
^(53) > 73- 

Let us define, for i = 1,2, 

= {r G F^^ : there is C M^^i with limxn(5i) = 7i , and limxn = T}, 



-^3,1,2 = G -^3 1 2 : there is {x„} C M3 1.2 with limxn(5i) = 71 , limxn(52) = 72 

' ' ' n n 

and limXn = T}, 

n 

and 

(2.10) F3 =i^3,lUF3,2UF3,i,2. 

Select a real number 73 satisfying 73 < 73 < min{r(53) : T G -P3} (recall that is 
finite), and define, 

ATg . = {c/ G iVg^i : there is T G ^3,^ with T{g) = 1), for i = l,2, 

N3,i,2 = {5 e iV3,i,2 : tliere is T G F3,i,2 with T{g) = 1}, 
and = N^^i U A'^3^2 U -/V3^i^2- Let us prove the following Fact. 

Fact 2.4. (1) There are numbers < < < 1 such that for every g & , the 
slices 

Og := {x ^ S : g{x) > 1?^] and Bg := {x ^ S : g{x) > t'^} 
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satisfy that 

(2.11) Og C Bg C {x £ S : gi{x) < -f[^2 > ^2(2;) < 72,1 . 93{x) > 73} (^^d 

(2.12) dist{Bg,Bg>) > 0, whenever g, g' e N3 , g g' ■ 

(2) There are numbers 71^2 S (7i;7i2) '^^'^ 72,1 S (72,721) such that if x G M3 , 
(71 (x) < 71,2 and g2{x) < 72,1 , then x £ Og , for some g £ N^. 

Proof of Fact 12. 4L (1) First, if X is reflexive, we know that for every g € A''3 there is 
Xg £ S such that D{xg) = g. Let us study the three possible cases: 

• If g G F-^^i , denote by Xg the restriction of Xg to [(71, 52, 53] • Since Xg{g) = 1 
and I • I* is Gateaux smooth, then Xg = T for some T S -^3,1- This imphes that 
Xg(5'i) = 71 < 7i,2 ' Xg(5(3) > 7^ and Xg(g2) < 72 < 72,i- Hence, Xg £ {x e S : 
gi{x) < 7^ 2 , g2{x) > 72,1 and gsix) > 73}. 

• If g £ F^^2 , denote by Xg the restriction of Xg to [51 , 52 1 93] • Since Xg{g) = 1 and 
I • I* is Gateaux smooth, then Xg = T for some T E -^3,2- This implies that 
Xg(5'2) = 72 < 72,1 ' Xg(5'3) > 73 and Xg(gi) < 71 < 7! 3- Hence, Xg e {x e S : 
9i{x) < 7i,2 ' 92{x) > 72,1 and g3{x) > 73}. 

• If g € -^3,1, 2 ; denote by Xg the restriction of Xg to [51, (72, 53]- Since Xg(g) = 1 
and I • I* is Gateaux smooth, then Xg = T for some T G -^3.1,2- This implies that 
Xg(5'i) = 71 < 7i,2 ) Xg(c/2) = 72 < 72,1 and Xg(c/3) > 7^. Hence, Xg £ {x e S : 
9i{x) < 71,2' 92{x) > 72,1 and g^ix) > 7^}. 

Now, since the norm | • | is LUR and D{xg) = g, the functional g strongly exposes S 
at the point Xg for every g € A''3. Since A''3 is finite, we can hence obtain real numbers 
< t3 < ^3 < 1 and slices Og and Bg , for every g £ N3 , satisfying conditions (|2.11j) and 

Now consider a non reflexive Banach space X. Let us first prove H2.11() . Assume, on 
the contrary, that there is a point g G and there is a sequence {un} C S satisfying 
g{yn) > 1 - ^ and such that gi{yn) > 7i,2! or 92{yn) > 72,i> or gsiyn) < 73 . for every 
n € N. If g £ N3 there is a sequence {x„} C M3 with lim„g'i(x„) < 7^ , for i = 1,2, 
lim„5'3(x„) > 73 and lim„(7(x„) = 1. In particular. 



g{Xn) + 1 - ^ ^ / Xn + Vn ■ 



< 1, 

2 ^ " \ 2 J ^ 2 

and thus lim„, | | = 1. Recall that in the non reflexive case, the norm | • | is WUR, 
and then Xn — yn—^0 (weaky converges to zero) . This last assertion gives a contradiction 
since we have limsup„ ffi(x„ - y„) < 71 - 7^ 2 < or limsup„ g2{xn - yn) < 72 - 72,i < 
or lim inf „ g'3 (xn — yn) > hm„, (73(x„,) — 73 > 0. Therefore we can find real numbers 
< t2 < ^2 < 1 and slices Og and Bg for every g £ , satisfying condition (|2.1H) . The 
proof of ()2.12() is the same as the one given in Fact 12.31 where the only property we need 
is the strict convexity of | • |*. 

(2) Assume, on the contrary, that for every n G N, there is x„, G M3 with gi{xn) < 7i + 
for i = 1,2 and {x„ : n G N} fl (Ug^NaOg) = 0. Then, there is a subsequence of 
{xn}, which we keep denoting by {x„}, such that {x„} C A^3,i, or {x„} C M3,2) or 
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{xn} C M3^i^2- In the first case, lim„ gi{xn) = 7i- In the second case, Hm„ g2{xn) = 72- In 
the third case, hm^ gi{xn) = Ji , for every i = 1,2. From the definition of F3 and N3 and 
the comments preceding Fact I2.4| we know that there is a subsequence {x„^. } and g G 
satisfying that linij g{xn ) = 1, which is a contradiction. This finishes the proof of Fact 

Eai □ 

If i?3 n (f/i U U2) = we may select as 71^2 any number in (71 , 7J 2) and 72,1 any number 
in (72, 72,1 )• 

Now we define as follows: 

/i3 : 5+ — >R 
hs = fsigs) 02,1(52) 4>i,2igi), 
where (p^, 02,1 and 01^2 are C°° functions on M satisfying that 

Mt)=0 ift<73 
</'3(l) = l 

^3{t)>0 ift>73 

and 

01,2(t) = l ift<2li^ </'2,l(t) = l ift<^^ 

0i,2(t)=O if t> 71,2 02,iW = O if t> 72,1 

4>[^,{t) < if t G (^^, 71,2) 0'2,iW < if * e (^^' 72,1) 

Clearly the interior of the support of /13 is the set 

1/3 = {x £ : gi{x) < 71,2 , g2{x) < 72,1 and g3{x) > 73}. 

Select one point X3 € f/3, a real number 03 € M* with [03 — F{x3)\ < e and define the 
auxiliary function 

rg : 5+ — > M, 

^•3 = 835^3 + (1 - 8353(2:3)), 

where we have selected S3 so that 5303 > and |s3| is small enough so that the oscilation 
of r3 on f/s is less than -j^. Notice that r3(rE3) = 1. 

Let us study the critical points Z3 of the smooth function 

H3 : [/i U [/2 U C/3 — > M, 

airihi + a2r2h2 + a-ir^h-i 
113 = . 

hi+ h2 + /13 

Let us prove that Z3 := {x G UiU U2D U3 : H^{x) = on T^} can be included in a finite 
number of disjoint slices within C/i U f/2 U f/3 by splitting it conveniently into the (already 
defined) Zi, Z2 and up to four more disjoint sets within U3, as the Figure [2 suggests. 

The function H3 can be written as H3 = cr3,igi+o"3,2g2+C3,3g3, where a^^i are continuous 
and real functions on f/i U C/2 U C/3 and gi denotes the restriction ^ilr^,, i = 1)2,3, 
whenever we evaluate H3(x) on T^. 
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Clearly H3 and H3 restricted to (Ui Li U2) coincide with H2 and H2 respectively. 
Then, Z3 \ [/s = ^3 \ Us = Z2. Let us study the set Z3 n C/3. First, if x G C/3 \ {Ui U U2), 
then H3{x) = a3r3(x) and ^^3(2;) = asr'^ix) = 035353. Therefore H^(x) = a3S353|T, = 
iff D(x) = (73. If the point Z3 & U^X {Ui U U2) then, H3 has exactly one critical point 
in U3 \ {Ui U U2); in this case, since 51(23) 7^ 71 and g2iz3) 7^ 72 j the point Z3 actually 
belongs to f/3 \ (Fi U Us). 

Now, let us study the critical points of H3 in fi {Ui U U2)- If we define A2 = ^^^^^^^ , 
then we can rewrite H3 in C/3 n (C/i U C/2) as 

oiri/ii + a2r2/i2 /Ji + /12 , a^rshs tt a , n a \ 

^3 = J—rr ■ h , u i h + u , h , u = H2 A2 + a3r3 1 - A2), 

hi + h2 hi + h2 + hs hi + h2 + 

and 

H3' = H2'A2 + 0353(1 - A2)g3 + (H2 - a3r3)A'2. 

By computing Ag, we obtain Ag = C2,igi +C2,2g2 +6,383, where the coefficients ^2,1, ^2,2 
and S,2,3 are continuous functions of the following form: 

-^3{93)4>2,i{g2)4>'io{gi){hi + h2) + hsip[{gi) + hsip2{g2)4>'iAgi) 



(2.13) 6,1 

6,2 



{hi + /l2 + /l3)^ 
-y'3(53)<?5'2,l(52)</'l,2(5'l)(/ll + /12) + ^3V'2(f2)</'l,l(5l' 

{hi + h2 + h^y 

-^3(93) 4>2,i{g2) 4>i,2{9i){hi + /12) 



6,3 - x2 

Since gi{x) < 71^2 < "^^"^^'^ for every x £ U3 , we have that 4'i,i{gi{^)) = for every 



{hi +h2 + hs) 

71+71,1 
2 

3; € f73, and we can drop the term /i3V2(52)0'i 1(51) in the above expression of 6,i- Thus, 
if X G C/3 n {Ui U C/2)) the coefficients 173^1 , £13^2 , f3,3 for Hg have the following form, 

0-3,1 = o-2,iA2 + (H2 - 03^^3)6,1 
0-3,2 = o-2,2A2 + (H2 - 03^^3)6,2 
0-3,3 = 0353(1 - A2) + (H2 - a3r3)6,3, 



where 0353 > 0, A2 > 0, 1 - A2 > 0, 6,1 > 0, 6,2 > 0, 6,1 + 6,2 > and 
6,3 < ^3 ^ (f^i U ^2)- Therefore, if H2 — a-^r^ < 0, the coefficient 0-3^3 > 0. When 
H2 — 03^3 > and (72,2 > 0, we have that (73,2 > 0. Finally, when H2 — asr-^ > and 
(72,1 > 0, we have (73,1 > (recall that for every x G C/i U U2, there is j G {1,2} such 
that (72,j(x) > 0). Since the vectors {(71,(72,53} are lineally independent we get that, if 
H3(x) = for some x € C/3 fl {Ui U U2), then there necessarily exists g ^ such that 
D{x) = £'((73,i(x)5i + a3^2{x)g2 + cr3,3{x)g3), that is D{x) G [gi, 52, 53]- 

In fact we can be more accurate and obtain that if x G (f/3 H U2) \ Ui and H3(x) = 
then D{x) G [5'2,5'3]- Indeed, in step 2 we proved that (72,1 = in C/2 \ Ui. Moreover, 
the functions 991(51), (^1,1(51) and (^1,2(51) are constant outside Ui, thus their derivatives 
vanish outside Ui. This implies 6,1 = and consequently (73,1 = in {U3 R U2) \ Ui. 
Similarly, if x G (C/3 fl Ui) \ U2 and H3(x) = 0, then D{x) G [51,53]. Indeed, from step 2 
we know that (72,2 = on C/i \ C/2. Moreover, the function v?2(52)0i,i(5'i) vanishes outside 
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U2. In addition, if x G {U^ n Ui) \ U2 then ^1(2;) < 71^2 < 7i,i and hence 92(2;) < 72- Thus 
(/>2 1(52(2:)) = 0, which imphes ■^2,2(2;) = 0. Consequently cr3,2(a:) = if x G {U3riUi)\U2- 

Define the sets 

/{Z3}, if zseUs\{UiUU2) 
I 0, otherwise 

Z3,2 = Z3 n c/3 n (c/i u U2). 

Now, let us check that ^3^2 C UggATgO^. Indeed, if x € ^3^2 , then x G {Ui U U2) r\ U3. 
Now, 

. if X G ([/i n C/3) \ , then D{x) G [gi, (73]. Since {Ui H U3) \ U2 C {Ui H U'^) \ U2 
we can deduce that x G M^^i C M3. 

• If X G (C/2 n c/3) \ C/i, then b(x) G [52, Sa]- Since {U2 n C/3) \ C/i C (C/2 n U^^) \ Ui 
we can deduce that x G M3^2 C M3. 

• If X G C/i n C/2 n C/3, then ^'(x) G [51, 52, 53]- Since C/i n C/2 n C/3 C C/i n C/2 n C/3 we 
can deduce that x G M3^i^2 C M3. 

Finally, since x G C/3 , we have that gi{x) < 71^2 and g2{x) < 72,1- We apply Fact 12.4( 2) 
to conclude that there is g & N3 such that x £ Og. 

In the case when Z^^i = {zs} Ug^N-iOg, we select if necessary, a larger t-s , with 
t3 < /s , so that Z3 UggAT-jBg. Since the norm is LUR and D^zs) = gs we may select 
numbers < tg < /g < 1 and open slices, which are neighborhoods of Z3 defined by 

Ogs := {x G 5 : g^ix) > Q and ^(,3 := {x £ S : g^{x) > 4), 

satisfying Og,_, C Bg.^ C {x £ S : gi{x) < 7^3, 52(2;) < 72,i' 53(2;) > 73} and 
dist(i?g3, Bg) > for every g G N^. In this case, we define r3 = A''3 U {53}. 

Now, if Z^^i = {23} G UggTVgOg, we select, if necessary, a smaller constant ^3 , with 
< t3 < ^3 < 1, so that Z^^i = {Z3} G Ug^N^Og ■ In this case, and also when Z^^i = 0, we 
define = N^. 

Notice that, in any of the cases mentioned above, Fact 12.41 clear Iv holds for the (possi- 
bly) newly selected real numbers and I3. 

Then, the distance between any two sets Bg, Bg', g,g' G Fi U r2 U Fs, g ^ g' , is 
strictly positive. Moreover Z^^i U ^3^2 C Ug^r^Og C Ug^r-iBg C C/3 C i?3. Therefore, 
Z3 = ZiUZ2UZ3,iUZ3,2 c UggnurauraOg c Uggnuraurg-Bg c C/1UC/2UC/3 = R1UR2UR3. 
Finally, recall that dist{Bg,R'^) > 0, for every g G F3 and dist{Bg , (C/i U C/2 U C/3)'^) > 
for every g( G Fi U F2 U F3. 

It is worth mentioning that, by combining all the results obtained in the step n = 3, 
we deduce that H'g = a^^igi + iT3^2g2 + C3,3g3) where a^^i are continuous functions on 
C/i U C/2 U C/3 , (T3^j(x) = whenever x ^ Ui , and for every x G C/i U C/2 U C/3 there is at 
least one coefficient iT3j (x) > 0. 

o Assume that, in the steps j = 2, ...,k, with k > 2, we have selected points zj G and 
constants 7j G (0, 1), with gi{zj) / 71 , ...,gj^i{zj) / 7j_i , {gi, ...,gk := D{zk)} linearly 
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Figure 2. Case n = 3: the decomposition of Z3. 
independent functionals such that 

(2.14) S, = {xeS: fj{x) > 5j} C {x e S : gj{x) > 7^} C {x G 5 : > 5*^} = Pj, 

for all j = 2, k, and 

{T e[gi^,...,gi^,gj]* : gi,{x) = , ... , gi^{x) = -fi^ , gj{x) = -fj and jr| = 1} = 0, 

for every 1 < ii < ... < is ^ j — 1, and 1 < s < j — 1, 2 < j < /c. Assume we have 
defined the functions hj = ^j{gj) (f)j-i^i{gj^i) ■ ■ ■ (j)ij-i{gi), where ipj , (pj-1,1 , '/'ij-i 
are C°° functions on M satisfying 

ipj{t) = ifi<7j 
(^,(1) = 1 

ip'j{t)>0 ift>7j 

and 

= 1 if t < Il±^, , = 1 if t < I-i^I-M 

= if t>7i,j-i, , (7:>j_i,i(t) = if t > 7j-i,i 

^_i(t)<0 if tG(Il±^,7,,^._i), , </>;._i^i(t)<0 if t£ 7,-1,1), 

where 71 < 7i,j-i , >7i-i < 7i-i,i; and 2 < j < k. 

The interior of the support of hj is the set 

C/j = {x G S" : giix) < , gj-i{x) < and > 7^}. 

Assume we have also defined the smooth functions rj and Hj: 

rj:S+ — ^M, Hj : C/iU[/2U...UC/j — >R, 

= Sjgj + (1 - sjgj {xj ) ) , Hj = ^^1 ^ 

for 2 < j < k, where xj E C/j the numbers aj , Sj G M* satisfy that |aj — F{xj)\ < e, 
s,a,' > 0, and the oscillation of r» on is less than 

J J ^ J J \aj\ 

Assume that for 2 < j < k the set of critical points Zj of Hj is a union of the 
form Zj = Zj^i U Zj^i U Zj^2 , where Zj-i is the set of critical points of Hj„i, the sets 
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Zj^i, Zj^2 are pairwise disjoint, Zj C D^^{[gi, ...,gj]), Zj^i C (C/i U ... U Uj^i) \ Uj 
and Zj^i U Zj^2 C Uj. Furthermore, assume that there is an open subset f/j such that 

Uj C Uj C Rj := {x £ S : gj{x) > 7^} 

and dist(i?g , C/j) > 0, for every y € Fi U ... U Fj_i, there is a finite subset Tj C S* and 
open shces of S, 

Bg := {x e S : g{x) > tj] and Og := {x £ S : g{x) > Ij}, < tj < Ij < 1, 

satisfying Bg C Uj for every g € Tj, dist{Bg, Bgi) > whenever g,g' € Fj, g ^ g' and 
there is 7^ € (7^, 1) such that 

Zj^i U Zj- 2 C Uggr.Og C Uggr.Sg C f/j n {x G 5 : ^/^(x) > 7^} C ^7,-. 

Finally, assume that for 2 < j < k, Hj = crj^i gi + ■ • • + (Jjj gj on Ui U ... U C/j , where 
aj^i are continuous functions on C/i U ... U f/j, for every i = 1, j. and assume that for 
every x G UiU ■ ■ ■ UUj there is at least one strictly positive coefficient aj^mix), and that 
if X G {Ui U ... U Uj) \ Um , with m G {1, j}, then aj^rn{x) = 0. 

o Now, let us denote by yu+i G S the point satisfying fk+i{yk+i) = 1. If either {gi,...,gk, fk+i} 
are lineally dependent or gi{yk+i) = 7i for some i G {l,...,k}, we can use the density 
of the norm attaining functionals (Bishop-Phelps Theorem) and the continuity of D to 
slightly modify yt+i and find z^+i G S" so that: gi{zk+i) 7^ 7i , for every i = l,...,k, 
{91 , ■■■,9k ,9k+i ■= D{zk+i)} are l.i. and 

{x £ S : fk+i{x) > (5|+J C {x G : 9k+i{x) > Uk+i} C {x e S : fk+i{x) > ^l+i}, 

for some i^k+i G (0,1). If giiyk+i) / 7i for every i G and {gi, ■-, gk, fk+i} are 

lineally independent, we define Zk+i = yk+i and gk+i = /fc+i- Then we apply Lemma l2.ll 
to the l.i. vectors, {gi, ...,gk+i} and the real numbers 71, ....,7^ and obtain 7^+1 G (0, 1) 
close enough to I'k+i so that 

Sk+i = {x e S : fk+i{x) > 4+1} 

C {x G S : gk+i{x) > 7fc+i} C {x G S" : /fc+i(x) > 5l_^-^} = Pk+i 

and 
(2.15) 

{T G [gi^ gi^ ,gk+i]* ■ T{gi^) = 7^^ , T{gi^) = 7,^ ,T{gk+i) = 7^+1 and |r| = 1} = 

for every 1 < ii < ... < < A: and 1 < s < fe. 

Define 

Rk+i = {x G : gk+i{x) > 7fc+i}- 
Recall that Ug^Y^Bg C ?7(, fl {x G 5 : ^^(x) > 7[,} and select 7^ G (7^ , 7^). In addition, 
we select numbers 

/ni«N / ^( 7fc-l+7fc-l,^ , ^/ 7l+7l,fc-lN 

(2.16) 7fc_i^2 e (7fc-i , ^ ) , ■-, 7i,fc € (71 , ^ ), 

and define the open set 

(2.17) = {x G S" : gi{x) < 7^ ^ , gk{x) < 7^1 and gk+i{x) > 7fc+i}- 
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Notice that dist(Sg, C/^^^) > for every 5 G Ti U ... U T^. 

Assume that Rk+i H {Ui U ... U 17^) 7^ and define, for every 1 < ii < ... < ig < k and 
1 < s < k , the set 

Mk+i,ii,...,i, = {xeUi-,r\...nUi^r\Ul.^i: x^Uj for every j £ {1, k} \ {ii, ...,is}, 

and i:>(x) e bii, •••,5^s>5fc+l]}• 
and 

Mfc+i = |J{Mfc+i,,j,„„i^ : l<ii< ...<is<k and 1 < s < /c}. 

In the case when Mk+i = we select as 71^^ any point in (71, fc)'-"-> ^-i^d 7^,1 any point 
in (7fc,7fc,i)- 

Notice that Ui L) ... U = Ri U ... U R^. In the case when M^+i 7^ and 
dist(Mfc+i , {Ui U ... U UkY) = dist(Mfc+i , (Ri U ... U RkY) > 0, we can immediately find 
7i,fc G (71 ,7l,fc) v-,7fc,i € (7fc ,7fc,i) with M/^+i C {x e S : gi{x) > 71,^} U ...U {x e S : 
9k{x) > 7fc,i}- 

In the case when dist(Mfc+i , (Ui U ... U UkY) — ^^'^ ™ order to find suitable positive 
numbers 71^^ , ...,7^^!, we need to study the limits of the sequences {xn} C Mk+i such that 
lim„ dist(a;„, {Ui U ... U UkY) = 0. Define, for every 1 < ii < ... < ig < k and 1 < s < fc, 
the sets 

K+i,iu-,is = {'^ ^l9ii^-^9is^9k+iT ■■ T{gi)=ji for every i G {ii, i J and |r| = 1}, 

K+i,h,-,is = {9 ^S*n [gn,-..,gi,,gk+i] ■ T{g) = l for some T G Fj.^^ ^^^ ^J. 

Since the norm | • |* is Gateaux smooth, we can apply Lemma 12.21 to the finite dimensional 
space [gij^, gi^, gk+i] with the norm | • |* restricted to this finite dimensional space, and 
deduce that the cardinal of any of the sets Fl^^^ is at most two. Moreover, since the 

norm is strictly convex, the cardinal of each set Nj^^-^ is at most two. Let us consider 

the norm-one extensions to [gi , ...,gk ,gk+i] of the elements of i^^+i ,^ , that is, 

Fk+iM,-,i. = i'^ ^i9i,-,9k+i]* ■■ T\[g^„...,9i,,9k+i] ^ K+iM,-,is and jr| = 1}. 

Since the norm j • |* is Gateaux smooth, for every G S -^^+1 there is a unique norm- 

one extension T defined on [gi , ...,gk+i]. Thus, the cardinal of the every set Fj^j^^ 
is at most two. Therefore the sets 

F^+i = U{^^+i,n,...,i. ■■ l<k<..-<is<k and 1 < ^ < A;} 
N'k+i = [j{NUl,iu■■■,^s ■■ l<h< .■■<is<k and 1 < s < A;} 

are finite. As a consequence of equality ()2.15|) . we deduce that T{gk+i) 7^ 7fc+i for every 
T E -^fc+i- We can restrict our study to the following kind of sequences: Fix 1 < s < 
k and 1 < ii < ... < ig < k and consider a sequence {xn} C Mk+i^i^^...^i^ such 
that lim„ dist(x„, (C/i U ... U UkY) = 0- Let us prove that for every i E {ii,...,is}, 
lim„(7j(x„) = 7j . Indeed, if C Mk+i^i^^...^i^ , then in particular C U, C Ri for 

every i £ {ii , ...,is}. Recall that Ui U ... U C/fc = i?i U ... U Rk. Therefore, dist(xn , (f/i U 
... U C/fc)'^) > dist(x„,i?^) for every i € {ii,...,is}. Thus, lim„ dist(xn , -Rf ) = for 
every i G {ii,...,is}. Since {xn} C Ri , this implies that lim.ngi{xn) = 7i, for every 
i G {ii, ...,is}. 
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Now, let US take any sequence {xn} C Mk+i^i-i^...^i^ such that lim„ (7j(rE„) = 7^ , for 
i & {ii, ■■■,is}- Consider every Xn as an element of X** and denote by Xn its restriction 
to [gi, ...,gk+i]. Recall that D{xn) e S* Ci [gi^, gi^, gk+i] for every n G N. Then, the 
sequence of restrictions {xn} C [gi, gk+i]* satisfies that 

1 =\xn\ > |xn| > |xn|[g,^,...,g,^,gfc+i]| = max{xn(/i) : /l G 5* H [gi^ , gi^ , gk+i]} 

> Xn(-D(x„)) = D{Xn)iXn) = 1, 

for every n G N. Thus, there is a subsequence {xnj} converging to an element T G 
[9i,-,9k+i]* with |r| = 1 and \T\[g._^^_^g^^^g^^^]\ = 1. Since liuij gi{xnj) = Ji for every 
i G {ii,...,is}, we have that T{gi) = 7^ for every i G {ii,...,is}. This implies that 
^t[g.,,...,9.„g,+i] e ^fe+Mi,...,i, and rGF^'+i,n,...,i.- Furthermore, if 5 e A'fe+Mi,...,^, and 
r(5) = 1, then limjXnj(g) = 1. In addition, r(gfc +i) = limj Xn^ (gfc+i) = Imy gk+i{xn.) > 
Jk+i because {xnj} C U'f,^^. Then, from condition ()2.15|) . we deduce that T{gk+i) > 7fc+i- 
Finally, let us check that (xn) < 7^ for every i G {1, , is} and n G N. Indeed, 
since C C/^_^^, twe have gi{x) < 7^^^ < 7i,i-i, ^-1(2;) < 7i_i,fc+2-i < 7i-i,i- 

Now, from the definition of Ui and the fact that {xn : n G N} R i7j = 0, we deduce 
that giixn) < li, for every n G N. Finally, if T = limj Xnj in [gi, gk+i], then 
T{gi) = liuij Xnj(5'i) < 7i, for every i G {1, ...,k} \ {n, 

Let us define, for every 1 < s < A; and 1 < ii < ... < ig < k, the sets 
Fk+i,h,...,i, = {T G : there is {x„} C Affc+i,i,,...,i^, with lirnxnls-i) = 7i, 

for i G {ii, ...,is} and limxn = T}, 

iVfe+i,ii,...,i. = {5 e K+i,h,...,is ■ there is T G with T{g) = 1}, 

and 

-^fc+i = [J{Fk+i,iu...,is '■ l< s <k and 1 < ii < ... < < k}, 

Nk+i = |J{iVfe+i,ii,...,j. : l<s<k and 1 < n < ... < < A;}, 

which are all finite. Select a real number j'k^i satisfying 7^+1 < 7^+1 < ^^^{T{gk+i) '■ 
T G Fk+i}. 

Fact 2.5. (1) There are numbers < i^+i < 4+i < 1 such that for every g G Nk+i, 
the slices 

Og := {x e S : g{x) > Ik+i} and Bg := {x e S : g{x) > tk+i} 
satisfy that 

(2.18) Og d Bg d {x & S : gi{x) < 7^ , gk{x) < 7^^^ , gk+i{x) > 7fe+i} and 

(2.19) dist{Bg,Bg') > 0, whenever g,g' G iVfc+i, g 7^ g' . 

(2) T/iere are numbers ji^k G (tij 7i,fe)'----,7fc,i G (7fc,7fc,i) such that if x e Mk+i , 
gi{x) < 7i^fc gk(x) < 7^,1 , then x e Og , for some g G Nk+i- 
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Proof of Fact 12. 5L (1) First, if X is reflexive, we know that for every g G N^+i there 
is Xg (z S such that D[xg) = g. There is 1 < s < A; and \ < ii < ... < is < k such 
that g € Fk+i,ii,...,is- Denote by Xg the restriction of Xg to [gi, ...,gk+i\. Since Xg(g) = 1 
and I • I* is Gateaux smooth, we have that Xg = T for some T € -^A;+i,ii,...,is- This 
imphes that Xg(gi) = 7i < 7- , whenever i € Xg(gfc+i) > 7^,^^ and 

Xg(5j) < 7i < 7i,fc+i-i > whenever i G {1, fc} \ {ii, ...,is]. Hence, G {x G 5 : gi{x) < 
ii^k ' 9k{x) < 7l.,i and s-fc+iC^;) > 7fc+i}- 

Now, since the norm | • | is LUR and D{xg) = g, the functional g strongly exposes S 
at the point Xg for every g G Nk-^i. Since A'^^+i is finite, we can obtain real numbers 

< tfc+i < Ik+i < 1 and slices Og and Bg, for every g G A^'^+i, satisfying conditions 
(ITTT^ and (trTTI|) . 

Now consider a non reflexive Banach space X. Let us first prove H2.18() . Assume, on the 
contrary, that there is a point g G Ni^^i and there is a sequence {yn} C S satisfying 
giVn) > 1 - ^ with giivn) > 7l,fc v-, or gkiVn) > 7fc,i, or 5^+1(^71) < 7fc+i , for every 
n G N. If 5 G A'^fc+i there is a sequence {xn} C M^+i with liuin gi{xn) < 7j , for every 

1 G {!,...,/!;}, lim„ > 7^.^^ and lim„5r(x„) = 1. In particular, 



gjxrr) + 1 - ^ ^ ^ / + _^ 



< 1, 



and thus lim„ = 1. Since in this case the norm | • | is WUR, we have that x„ — 

Un (weakly converges to zero). This last assertion gives a contradiction since either 
limsup.„5i(x„-y„) < 7i-7i,fe+i-i < for some i G {1, ...,k} or liminf„5;,.+i(2;„-?/„) > 
limn gk+iixn) — I'k+i > 0- Therefore, we can find real numbers < t^+i < l^+i < 1 and 
slices Og and Bg for every g G iV^+i, satisfying condition ()2.18|) . The proof of H2.19|) 
is the same as the one given in Fact 12.51 where the only property we need is the strict 
convexity of | • |*. 

(2) Assume, on the contrary, that for every n G N, there is Xn G M^+i with gi{xn) < 7i + ^; 
for every i G {1, k} and {x„ : n G N} fl {Ug^j\fk+iOg) = 0. Then there is a subsequence 
of {xn}, which we denote by {x„} as well, and there are numbers 1 < s < k and 
1 < ii < ... < is < k such that C M^+i In particular, {x„} C Ui C Ri and 

then gi{xn) > 7i for every i G {ii,...,is} and n G N. Hence, lim„(/j(x„) = 7^ for 
every i G {ii, is}. Since {x„} C Mfc+i j^^,,, , from the comments preceding Fact 12. 51 we 
know that there is a subsequence {x„^. } and g G -/V^+i satisfying that limj g{xnj) = 1, 

which is a contradiction. This finishes the proof of Fact 12.51 □ 

If Rk+i n {Ui U ... U Uk) = we may select as 71^^ any number in (71,75^ ^) and 
7fc,i any number in (7fc,7fc i)- 



Now we define /ifc+i, 



hk+i : 5+ ^ M 

hk+i = fk+iigk+i) 4>k,i{gk) ■ ■ ■ 4>i,ki9i] 
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with (fk+i, (t>k,i, ■■■,<t>i,k functions on M satisfying 

ipk+iit) = ift<7fc+i 

99fc+l(l) = 1 

(/7fc+i(t)>0 ift>7fc+i 

and 

= 1 if t < , <^,,i(t) = 1 if t < 

'/'i,fc(i) = if t>li,k, , <^fc,iW=0 if t>lk,i 

^[4t) < if i € (^^, 71,.), , < if t € C-^, 7.,i), 

Clearly the interior of the support of /ifc+i is the set 

Uk+i = {x £ S : gi{x) < 7^^ , g^ix) < 7^,1 and gk+i{x) > 7fc+i}- 

Select one point x^^i G U^+i, a real number a^+i G K* with {a^+i — F(xk+i)\ < e and 
define the auxiliary function 

rk+i = Sk+Wk+i + (1 - Sk+igk+i{xk+i))-, 

where we have selected Sk+i so that Sk+idk+i > and |sfc_|„i| is small enough so that the 
oscilation of rk+i on Uk+i is less than j ^^^^^ j . Notice that rk+i{xk+i) = 1. 
Let us study the set of critical points Zk+i of the smooth function 

Hk+i : UiU...UUk+i ^M, 
XT _ X]i=i o^irihi 

Let us prove that Zk+i ■= {x £ UiU ... U Uk+i ■ H'i^^^{x) = on T^} can be included in a 
finite union of disjoint slices within f7i U ... U Uk+i by splitting Zk-\-i conveniently into the 
(already defined) set Zk and a finite number of disjoint sets within Uk+i. 

It is straightforward to verify that Hj^^-^ = cifc+i^igi + ... + (Tfc+i^fc+igk+i, where cr^+i j are 
continuous functions on [/iU...U[/fc+i and gi denotes the restriction gilx^, i = l,...,k+l, 
whenever we evaluate 'H.[^^-^_{x). 

Clearly the restrictions of H^+i and H'j^^.^ to {Ui U ... U Uk) \ Uk+i coincide with 
and respectively. Then, Zk+i \ Uk+i = Zk = Zk+i \ Uk+i- Let us study the set 
Zk+i n Uk+i. First, if X G Uk+i \ {Ui U ... U Uk), then Hk+i{x) = ak+irk+i{x) and 
H'k+i{x) = afe+ir^+i(x). Therefore W^^_^-^{x) = ak+iSk+igk+i\T^ = iff D{x) = gk+i- 
If the point Zk+i € Uk+i \ {Ui U ... U Uk)., then H^+i has exactly one critical point in 
Uk+i \ {Ui U ... U Uk)\ in this case, since gi{zk+\) 7^ 7i for every i = the point 

Zk+i actually belongs to Uk+i \ {Ui U ... U Uk)- 

Now, let us study the critical points of Hk+i in Uk+i n {Ui U ... U Uk). If we define 
Afc = f^gi ' , then we can rewrite H^+i on C/fc+i fl (f/i U ... U J7fc) as 

„ _ E»ii ajrihi ELi hi , ak+irk+ihk+i _ „ . , .^ 

^k+i - fc , — ■ F^fc+rr + — v-fc+i J, - -Uk Afc + a/c+i?-fc+i(l - Afcj, 
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and 

Hk+i = H^Afc + afc+iSfc+i(l - Afc)gk+i + (Hk - ak+irk+i)J^k- 

Notice that, on the open set U^+i , we have that 4>i,j{9i) = 1) whenever i+j < k. Indeed, 
on the one hand, if x € U^+i, and i G {1, k}, then gi{x) < 7j.fc_|_i_j < ^^^^^y^, whenever 
i + j < k. On the other hand, = 1 if t < "'^^^^'^ . Therefore hi\uf,_f_i ~ Viidi)^ 

for every i = 1, A;, and 



By computing A'^ in Uk+i, we obtain A'^ = Ck,iSi + ••• + Cfc,A:+igk+i, where the coefficients 
Ca:,1) •■•5?fc,fc+i are continuous functions of the following form: 



Thus, if a; € n {Ui U ... U J7fc), the coefficients cr^+i i, cjfc+i for H^_|_-^ have 
the following form, 

= o-fcjAfc + (Hk - afc+irfe+i)^fcj, for j = l,...,k 
o'k+i^k+i = afc+i'Sfc+i(l - Afc) + (Hk — ak+i'r'k+i)£.k,k+i- 



Notice that in [/fc+i n (C/i U ... U ?7fc), Ofc+iSfc+i > 0, A^, > 0, 1 - A^ > 0, £,k,j>0, for 
every j = 1, /c, I]j=i > and £,k,k+i < 0. Therefore, if Hk - Ofc+irfc+i < 0, the 
coefficient ak+i,k+i > 0. When Hk — ak+iVk+i > and akj > 0, the coefficient j > 
(recall that, from the step k we know that, for every x G UiU...UUk there exists at least one 
jG{l,...,k} with fjfcj > 0). Hence, if H',^_|_-^(3;) = for some x € f/fc+i n (C/i U ... U f/^), 
there necessarily exists Q such that D{x) = Q{ak+i^i{x)gi + ... + ak-\-i^k+i{x)gk+i), 
that is D{x) G [51, 

In fact we can be more accurate and obtain that if H[^^-^ (x) = 0, x G Uk+i H (C/i U ... U C/^) 
and X Uj^pUj for some proper subset F C then D{x) G span{(7j : j £ 

{1, /c + 1} \ F}. Indeed, from step k we know that, if x G {Ui U ... U Uk) \ Uj, where 
j G {1, A;}, then akj{x) = 0. Now, if j G F and j = 1, it is clear that the functions ip'i{gi) 
and 4>'ik(9^) vanish outside Ui. This implies ^fc,i(x) = and consequently (Tfc+i,i(x) = 0. 
If j £ F and 2 < j < k, since x G Uk+i we know that 

gi{x) < 7i^fc < 7ij_i , ,gj-i{x) < 7i-i,fc+2-j < , 

and then necessarily gj{x) < 7^. Since the functions ^'j{gj) and (p'j k+i-ji9j) vanish 
whenever gj < jj, we deduce Ck,j{x) = and thus ak+ij{x) = 0. 
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Let us now define the sets 

[ 0, otherwise 

Zk+1,2 = Zk+i n Uk+i n {Ui u ... u Uk). 

Now, let us check that Zk+1,2 C UggArj.^-^Og. Indeed, if a; € Zk+1,2 ■, there are constants 
I < s <k and 1 < ii < ... < < /c , such that x G C/fc+inf/j^^ n...nJ7j^ and x Uj^pUj, 
where F = {!,..., A;} \ {ii, is}- From the preceding assertion, D{x) G [gi^^, gi^, gk+i]. 
From the definition of Mk+i,ij^,.,.,i^ and the fact that Uk+i C U'j^_^^ , we obtain that 
x £ Mk+i,i^,...i, C Mk+i- Since x £ Uk+i, we have that gi{x) < 7i_fc ,---,9kix) < 7fc,i- We 
apply Fact 12.5( 2) to conclude that there is g £ Nk+i such that x £ Og. 

In the case when Zk+1,1 = {2:^+1} \JgizN^,^-^Og , we select, if necessary, a larger tk+i, 
with tk+i < h+i , so that Zk+i yjgfz^^^^Bg for every g e A^'^+i. Since the norm is LUR 
and D[zk+i) = gk+i we may select numbers < t'^j^^ < I'l^^i < 1 and open slices, which 
are neighborhoods of Zk+i defined by 

Ogk+i ■■={x£S : gk+iix) > I'k+i} and Bg^^^ := {x £ S : gk+iix) > ifc+J, 

satisfying Og^^^ C Bg^^^ C {x £ S : gi{x) < 7^, , gkix) < 7^,^^ , gk+i{x) > 7^+J and 
dist{Bg^^^, Og) > 0, for every g £ Nk+i- In this case, we define F^+i = Nk+i U {5^+1}. 

Now, if Zk+1,1 = {zk+i} £ Dg^Nk+iOg, we select, if necessary a smaller constant Ik+i , 
with < tk+i < Ik+i < 1 , so that Zk+1,1 = {zk+i} £ Ugt^N^^^Og. In this case, and also 
when Zk+1,1 = 0, we define F^+i = Nk+i- 

Notice that, in any of the cases mentioned above, Fact 12.51 clear Iv holds for the (possi- 
bly) newly selected real numbers tk+i and Ik+i- 

Then, the distance between any two sets Bgi, where g, g' £ViU ...UVk+i, and 
g / g', is strictly positive. Moreover Zk+1,1 U Zk+1,2 C Ugerfe+iO^ C Uggr^+i-Bg C 
U'^j^^ C Rk+i- Therefore, Zk+i = Zi U ... U ZkU Zk+1,1 U Zk+1,2 C Ug^riU...urk+iOg C 
UgeriU...urfe+1-Bg C C/i U ... U Uk+i = RiU ... U Rk+i. Also, recah that dist(i?g, Rl^i) > 0, 
for every g £ Tk+i and dist(i?g, (Ui U ... U Uk+iY) > 0, for every g £ TiU ... U Tk+i. 

Finally, let us notice that, by combining the results obtained in step k+l, we deduce 
that H'^+i = Ofc+iSfc+igk+i in Uk+i\ {Ui U ... U Uk) and H^^^ = H',^ on (C/i U ... U 

Uk) \ Uk+i, and in general H',^^^ = ak+1,1 gi H h ak+i,k+i gk+i on Ui U ... U Uk+i, 

where crk+i,i are continuous functions on Ui U ... U Uk+i, for i = 1, ....,k + 1, and for 
every x £ UiU ■ ■ ■ U Uk+i there is at least one i £ {1, A; + 1} such that ak+i,i{x) > 0. 
Furthermore, ak+i,j{x) = whenever x £ (Ui U ... U Uk+i) \ Uj, j £ {1, k + 1}. 

Once we have defined, by induction, the functions hk, Vk and the constants a^, for all 
k £N, we define 

H : S+ — >R 

rr ^ Efcll akTkhk 
l^k=l "'k 

It is straightforward to verify that the family {Uk}k&n of open sets of S'^ is a locally finite 
open covering of S'^ . Thus, for every x £ 5^ there is /c^; G N and a (relatively open 
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in S^) neighborhood Vx C 5"*" of x, such that Vx PI (Ufc>fc^C/fe) = and therefore 
H\v^ = Hk^lv^. Thus H is smooth whenever the functions {hk}keN are smooth. 

Fact 2.6. The function H 3 e -approximates F in . 

Proof. Recall that the oscillation of F in C/^ is less that e, the oscillation of r/c in Uk is 
less than , \ak — F{xk)\ < e and rk{xk) = 1, for every k £ N. Now, if hk{x) ^ 0, 
then X ^Uk and 

(2.20) \akrk{x) - F{x)\ < |afcrfc(x) - akrk{xk)\ + |afcrfc(xfc) - F{x)\ 

= \ak\\rkix) - rk{xk)\ + \ak - F{x)\ 

< |afc|^ + Iflfe - F{xk)\ + \F{xk) - F{x)\ < 3e. 

Hence, 

I rr(. _ \E'^=iim{x)-F{x))hk{x)\ ET=iWkrk{x) - F{x)\hk{x) 

Ek=ihk{x) T.k=i^k{x) 

Let us denote by C the critical points of H in . Since for every x G , there is kx G 
N and a (relatively open in S~^) neighborhood Vx C of x such that Vx fl {^k>kxUk) = 0, 
we have that H\v^ = Hk^|y^ and C C U^Z^. Recall that UfcZ^ C IJI^g • 9 ^ ^k^k} C 
[j{Bg : g G UfcFfc}, the oscillation of F on Bg is less than e and dist(i?(,, i^^/) > 0, for 
every g,g' G UfeFfc with g ^ g' . Furthermore, from the inductive construction of the sets 
{Bg : g G Ufcr^}, it is straightforward to verify that (i) for every A; > 1, if g £ and 
9' G U.m>fcr.m, then dist{Bg, Bg') > 7^ - 7^ ^ > and (ii) if 5 G Ti and g' G Um>iTm, 
then dist(i?g, Bgt) > ti — ^[ ^ > 0. Therefore, for every g G UfcFfc, 

(2.21) dist{Bg , |J{^5' ■ 9' e UfcTfc, 5' / 5}) > 0. 

We relabel the countable families of open slices {OglggUfePfe and {i?g}ggu^,rj. as {On}, 
{Bn}, respectively. Notice that the set U„i?„ is a (relatively) closed set in S~^. Indeed, 
if {xj} C DnBn and limj Xj = x € S~^, since U„C/^ is also a locally finite open covering 
of S^, there is Ux and a (relatively open in S"*") neighborhood Wx C 5"'" of x , such that 
n (U.„>„^C/^) = 0. In addition, from the construction of the family {Bn}, there is G 
N such that Un>NBn C U„>„^{74 , and thus there is jo G N with {xj}jyjg C U^^iBn- 
Hence x G U^^iBn C UnBn- 



Let us denote 5n = <I>~^(i?„) and On = <I)~^(0„), for every n G N. 

Fact 2.7. 0„ and Bn are open, convex and bounded subsets of X, for every n G N. 

Proof. Since $ is continuous, it is clear that On and Bn are open sets. The sets On and 
Bn are slices of the form R = {x £ S : h{x) > 6} for some b £ S* and 5 > such that 
dist(i?, X X {0}) > 0. Let us prove that TZ := ^~^{R) is convex and bounded in X. First, 
let us check that the cone in Y generated by R and defined by 

cone(i2) = {Xx : x £ R, X>0} = {x£Y : 6(^) > 6} 
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is a convex set: consider < a < 1 and x^x' € cone(i?). Then, 

h{ax + (1 — a)x') = ah(x) + (1 — a)h{x') > a6\x\ + (1 — a)(5|x'| 
= 5\ax\ + (5|(1 — a)x'\ > 5\ax + (1 — a)x'\, 

and this imphes that ax + {1 — a) x' G cone(i?). Therefore, the intersection of the two 
convex sets cone(i?)n(X x {1}) = Il~^[R) is convex. Now, it is clear that TZ = ^~^{R) = 
(R)) is convex as well. 
Let us prove that ]1~^{R) is bounded in Y. Consider the linear bounded operator 
7r2 : y = X © M — > R, tt2{x, r) = r , for every (x, r) G X © M. Then, U'^iy) - 

for every y G S"*". On the one hand, d := dist(i?, X x {0}) > and then 



712 (y) 



|(x,r)-(x,0)| 
■K2[x, r)=r= > 



d 



1(0,1) 



1(0,1)1 



On the other hand. 



|n-^(y)| 



\y\ 



1 



1 

< -, 

71-2 (y) TT2{y) s 



s > 0, for every (x, r) G R. 



for every y € R, 



and thus n~^(i?) is bounded. Since the norm || 
1 1 (x, 0)1 1 = ||x||) and the restriction of the norm 
on X X {0}, there exist constants m,M > such that m\\x — x'\\ < \i{x) — i{x')\ 
\{x, 1) — (x', 1)1 = |(x — x',0)| < M\\x — x'll, for every x,x' G X. Hence, 



considered on X x {0} (defined as 
I to X X {0} are equivalent norms 



\\^~\y)\\ = \r\ll~\y)) - i-\0, 1)11 < -\U~\y) - (0, 1)| 

m 

<i(|n-'(y)l + l(o.i)l)<i±*i^. 

m s ■ m 

for every y & R, what shows that TZ is bounded in X. □ 



Fact 2.8. On and B n are (closed convex and hounded) smooth bodies, for every 
n G N. 

Proof. We already know that these sets are closed, convex and bounded bodies, hence it 
is enough to prove that their boundaries dOn and dBn are smooth one-codimensional 
submanifolds of X. Since dBn = <^-\dBn), dOn = ^-\dOn), and $ is a diffeomor- 
phism, this is the same as showing that dOn and dBn are smooth one-codimensional 
submanifolds of S. But, if 0„ is defined by On = {y € S : gn{y) > Pn}, we have that dOn 
is the intersection of S with the hyperplane Xn = {y ^ Y : gn{y) = Pn} of Y, and X„ is 
transversal to S at every point of dOn (otherwise the hyperplane Xn would be tangent to 
S at some point of dOn and, by strict convexity of S, this implies that 30„, = Xn H S" is 
a singleton, which contradicts the fact that On is a nonempty open slice of S), hence the 
intersection dOn = S Ci Xn is a one-codimensional submanifold of S. The same argument 
applies to dBn- □ 



Fact 2.9. dist{On, X \ Bn) > and dist {Bn, Um^n^m) > 0, for every n G N. 
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Proof. This is a consequence of the fact that dist(0„, S^\Bn) > 0, dist {Bn, ^m^nBm) > 
0, and $ is Lipschitz. Indeed, on the one hand, recah that \i{x) — i{x')\ = \{x — x',0)\ < 
M\\x — x'\\, for every x,x' € X. On the other hand, 

\U{y)-U{y = = J < — -- — < - y-y , 

\y\ \y \ \y\ \y \ \y \ C 

for every y,y' G X x {1}, where C = dist(0,X x {!}) > 0. Therefore, \^{x) — ^{x')\ < 
— a;'||, for every x, x' € X. Now, if two sets A, A' C satisfy that dist(^, A') > 0, 

then dist(^, A') < \a - a'\ < ^||^>-^(a) - ^>-i(a')||, for every a e A, a' e A'. Therefore, 

< dist(A,^') < ^dist($-i(^), <^-\A')). □ 



Fact 2.10. For every n € N, there exists a diffeomorphism ^'^ from X onto X\On 
such that "is the identity off Bn- 

Proof. Assume that € On- Since dist(0„,X \ > 0, there is (5„ > such that 
dist((l + Sn)On , Bn) > 0. We can easily construct a smooth radial diffeomorphism 
^'n,2 from X\{0} onto X\On satisfying "^n,2{x) = x if x ^ {l + 6n)On. Indeed, take 
a C°° smooth function An : [0, oo) — > [Ij oo) satisfying that Xn{t) = i for t > 1 + 5^, 
An(0) = 1 and X'nit) > for t > 0, and define 

X 

^n,,2(a;) = A„(;U„(x)) — —-, 

for X e X \ {0}, where fin is the Minkowski functional of On, which is smooth on 
X\{0}. 

Now, since G On, there is a„ > such that a„i?||.|| C On- According to [T^ 
Proposition 3.1] and jl3l Lemma 2] (see also ^), there exists a diffeomorphism ^'^^i 
from X onto X\ {0} such that is the identity off q„-B||.|| (this set may be regarded 
as the unit ball of a equivalent smooth norm on X). 

Then, the composition := ^n,2 ° ^n,i is a diffeomorphism from X onto 
X \ On such that ^n is the identity off Bn- If On, select tOn € On and repeat the 
above construction of the diffeomorphism with the sets On — uJn and Bn — uJn- Then, 

:= Tuj„ o ^n,2 ° ^n,i ° T-ujn is the required diffeomorphism, where t^{x) = x + lo. □ 

Now, the infinite composition ^ = OnLi'I'n is a well-defined diffeomorphism from 
X onto X \ UnOn , which is the identity outside Un^n and ^(S„) C Bn- This follows from 
the fact that, for every x € X, there is an open neighborhood Vx and n^^ G N such that 
Vx n (Un^n^^n) = 0, and therefore ^-jy^ = ^njv.- 

Finally, let us check that the smooth function 

g:X — >R 
g := H o ^ o 

4e- approximates / on X and g does not have critical points. Indeed, for every x G X, if 
"^(x) 7^ X, then there is Bn^ such that x G Bn^- Since the oscillation of / in Bn^ is less 
than e and ^'(x) G Bn^, we can deduce that |/(^'(x)) — /(x)| < e, for every x G X. Recall 
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that F o ^ = f and \H(x) — F{x)\ < 3e, for every x G 5^. Then, 

(2.22) \g{x) - f{x)\ = \Ho <^{^{x)) -Fo ^{x)\ 

< - F{<^>{^{x)))\ + \Fo <^>{^{x)) - Fo <^{x)\ 

< 3e + e = 4e, 

for every x (z X. Since <I> and ^ are diffeomorphisms, we have that g'{x) = if and 
only if H'{^{^{x))) = 0. For every x e X, ^'(x) U„0„ and thus ^ U„0„. 

It follows that H'{^{^{x))) ^ and g does not have any critical point. 

Before finishing the proof, let us say what additional precautions are required in the 
case when e is a strictly positive continuous function: 

• the slices 5^ = {x € 5 : fk{x)>^k\-, {k ^ N) are selected with the additional 
property that the oscillation of the two functions F and e = e o in 5^ are 
less than where is the point of 5+ satisfying fkiuk) = 1; this implies, 
in particular, that ^e(yfc) < e{x) < |e(yfc), for every x € 5^; 

• the real numbers a/^ G M* satisfy that ja^ — F{xk)\ < 

• the oscillation of ru in Sh is less than ^r^. 

Prom the above conditions and inequality H2.20() . it can be deduced that if x G f/fc , then 
\o.ki^k{x) — F{x)\ < 2e{yk) < 4e(x). From this, it can be obtained that \H{x) — F{x)\ < 
4e(x), for every x G 5+. Equivalently, \H o^{x) - F o^(x)\ = \H o^{x) - f{x)\ < 4e(x), 
for every x G X. Now, if x 7^ ^i-c), then there is Bn^ such that x,^'(x) G Bn^- Thus, 

|/(^'(x)) - /(x)| < ^('^ < e{x). Now, from inequality ((2221), we obtain: (a) if x G 

for some Ux, then \g{x) — /(x)| < 4e(^'(x)) + e{x) < 6e(<I>~-'^(y„^)) + e{x) < 13e(x), 
and (b) if x ^ U„i?„ , then \g{x) - /(x)| < 4e(^'(x)) = 4e(x). This finishes the proof of 
Theorem O □ 



Remark 2.11. The construction of the function g with no critical points that approxi- 
mates / with a constant e > 0, is considerably shorter in the case that either (i) X = £2(N) 
(and we use West Theorem [2H1) or (ii) X is non-reflexive and the norm | • | con- 
sidered on Y can be constructed with the additional property that the set {/ G y* : 
/ does not attain its norm} contains a dense subspace (except the zero functional). 

Indeed, in the first case, we can define as | • | the standard norm on ^2(f^)- In both cases, 
the use of the auxiliary functions r„ is not required, we can consider the slice Rn ■= Sn 
(that is, the additional construction of the sequence of slices {Rn} is not required) and 
we can select for every n G N, any strictly decreasing sequence {'yn,i}i such that 
limj 'jn^i = Sn ■ Then, let us choose a non-zero functional w Y* \ [fn : n N] (where 
[/n : n G N] denotes the space of all finite linear combinations of the set {/„ : n G N}) 

with \w\* < e, and define H = + w and Hn = "l^' -|- w, for every n G N. 

We obtain in the case (i), that Zn (the critical points of Hn), is included in the compact 
set Z)~^([/i, ...,/n,u;] n S*). Therefore, the set C of critical points of H and thus the set 
C of critical points of the composition o are closed and locally compact sets of 
and £2 ) respectively. Now, g is obtained, by applying West Theorem |2H], considering a 
C°° deleting diffeomorphism ^ from ^2(N) onto ^2(N) \ C, with the additional property 
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that the family {{x, "^{x)) : x € ^2(N)} refines the open convering {<I>~^(S'„); ?i € N}). 
Finahy, we can define g := H o ^ o . 

In the case (ii), we can select the family Q = {/„ : n € N} U {w} with the additional 
requirement that [Q] \ {0} is included in the set of non-norm attaining functionals. 
Thus, the sets of critical points of both Hn and H are empty. Therefore, the set of critical 
points of g := H o ^ is empty and g approximates /. Notice that this case is particularly 
interesting because the use of a deleting diffeomorphism is not required. 
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